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We introduce a theoretical and computational method to design resonant objects, such as nanoan-
tennas or meta-atoms, exhibiting tailored multipolar responses. In contrast with common ap-
proaches that rely on a multipolar analysis of the scattering response of an object upon specific
excitations, we propose to engineer the intrinsic (i.e., excitation-independent) multipolar content
and spectral characteristics of the natural resonances – or quasinormal modes – of the object. A
rigorous numerical approach for the multipolar decomposition of resonances at complex frequencies
is presented, along with an analytical model conveying a direct physical insight into the multipole
moments induced in the resonator. Our design strategy is illustrated by designing a subwavelength
optical resonator exhibiting a Janus resonance that provides side-dependent coupling to waveguides
over the full linewidth of the resonance and on a wide angular range for linearly-polarized inci-
dent planewaves. The method applies to all kinds of waves and may open new perspectives for
subwavelength-scale manipulation of scattering and emission.
Conceiving resonant objects capable of scattering
waves along desired directions with a prescribed phase
and polarization is pivotal to many applications of
wave physics, from acoustic and optical wavefront shap-
ing [1, 2], to particle manipulation [3, 4], to structural
colors engineering [5, 6]. At the core of design studies
lies the principle that the response of polarizable objects
to a driving field can be expanded in terms of radiating
multipoles [7]. Not only does multipole analysis provide
valuable insight into the physical origin of observed scat-
tering features but it spotlights interference conditions
between electric and magnetic multipoles that lead to
new scattering properties [8–11]. An emblematic exam-
ple is the strong forward scattering that occurs when the
electric and magnetic dipole moments induced by an in-
cident field have equal amplitudes and phases [12, 13] –
creating a so-called “Huygens source”. The importance
of the relative phase between dipole moments was em-
phasized in a recent study [9], which unveiled a new type
of radiating source – the so-called “Janus source” – pro-
viding side-dependent light coupling to waveguides.
The concept of resonance is pivotal to design scatter-
ing elements with tailored multipolar behavior. Reso-
nances, typically identified by peaks of finite linewidth
in the spectral response of an object, may be associated
to one or several multipoles, depending on the compo-
sition, shape and size of the resonator [14–16]. An in-
terference condition may then be reached either from
several overlapping resonances with varying multipolar
contents [13, 17–20] or from an individual resonance ex-
hibiting alone the desired multipolar content [21], the lat-
ter being more likely to provide features operating over
the full linewidth of the resonance. Albeit successful, de-
signs have systematically been achieved until now by a
multipolar analysis of the field produced by the resonator
upon excitation by a driving field [22–24]. Because many
neighboring resonances are excited at once, even weakly,
the dependence of induced moments on the excitation
parameters is difficult to apprehend, thereby making the
design less intuitive and efficient.
In this Letter, we introduce a theoretical and com-
putational method for resonator design that is strictly
independent of the excitation. Our method, presented
here for electromagnetic waves, is based on the concept
of quasinormal modes (QNMs), which are the natural
resonances of an object, found by solving the source-
free Maxwell’s equations for the open system. QNM for-
malisms have bloomed in recent years, enabling a more
insightful and efficient modelling of various problems in
photonics and plasmonics [16, 25–30] (for a recent review,
see, e.g., Ref. [31]). Here, we present a rigorous method to
compute the intrinsic (excitation-independent) multipole
moments of individual resonances and derive analytical
formulas for the modal decomposition of induced multi-
pole moments at real frequencies. Designs of nanores-
onators can thus be achieved largely by analyzing the
resonant frequency, linewidth and multipolar content of
individual resonances. This possibility is demonstrated
by designing a resonator behaving as a Janus source for
the scattered field over a resonance linewidth and for a
broad range of incident angles.
Theory – Our formalism is illustrated here without lack
of generality with the example of a plasmonic dolmen
resonator [15, 24], composed of three nanorods with per-
mittivity ǫr placed in a uniform background with permit-
tivity ǫb. The exp[−iωt] convention is used. The QNM
formalism unveils the physics underlying light interaction
with particles by expanding the field Es scattered by the
resonator upon excitation by a driving field Eb into a set
of natural resonant modes, Es(r, ω) =
∑∞
j=1 αj(ω)E˜j(r).
Each QNM is described by a normalized field E˜j(r) and
a complex frequency ω˜j , and the response to the driv-
ing field is fully described via the excitation coefficients
αj [31]. Figures 1(a)-(b) show the spectral and spatial
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FIG. 1. Intrinsic multipolar content of resonances. The plas-
monic dolmen under consideration is made of silver and com-
posed of an upper rod (128s × 50s × 20 nm3) separated by
a gap of width g from two lower rods (30 × 100 × 20 nm3)
separated by 30 nm. The silver permittivity is approxi-
mated by a single-pole Drude-Lorentz model with ǫ∞ = 1,
ωp = 1.366 × 1016 rad.s−1, and γ = 0.0023ωp. The dolmen is
placed in air (nb =
√
ǫb = 1). (a) Complex-frequency plane
of the plasmonic dolmen with g = 30 nm and s = 1. (b)
Spatial maps of |E˜j | of the three QNMs found in the visible
range (j = 1 to 3). Each QNM behaves as a superposition of
electric and magnetic multipoles, as suggested by the current
densities (white arrows). (c) Induced dipole moments, Re[px]
and −Re[mz] at real frequencies for a planewave excitation
Eb(z) = E0xˆ exp [iωnbz/c]. The response is dominated by
Modes I and II (red and blue solid lines). Modes III and VII
are not excited for symmetry reasons. As shown by a com-
parison with exact real frequency calculations (black circles),
the induced moments are well predicted with the 8 QNMs (2
of which being not excited) represented in panel (a) (yellow
dashed line).
distributions of the main QNMs of the plasmonic dolmen,
computed and normalized using the freely-available pack-
age QNMEig [28], that is an extension of the eigenfre-
quency solver of COMSOL Multiphysics. Three QNMs
are found in the visible range. The current density dis-
tributions suggest Mode I to behave as an electric dipole
(ED) along x and a magnetic dipole (MD) along z,
Mode II as an ED along x and an electric quadrupole
(EQ) in the xy-plane, and Mode III as an ED along y.
The multipolar content of each QNM can be deter-
mined quantitatively by expanding its field outside a
sphere circumscribing the scatterer in vector spherical
harmonics (VSHs) as
E˜j(r) = k˜
2
j
∞∑
n=1
n∑
m=−n
d˜nm,jΨ˜
(3)
nm,j, (1)
where d˜nm,j are the scattering coefficients, Ψ˜
(3)
nm,j the
VSHs and k˜j = ω˜jnb/c the complex wavevector of the
j-th QNM, where nb =
√
ǫb and c is the light veloc-
ity in vacuum. The scattering coefficients d˜nm,j are
obtained by computing the cross-product of the QNM
field with the VSHs on the circumscribing sphere surface
and the Cartesian multipole moments of each QNM can
then be retrieved by matching their far-field expressions
with those of the VSHs in spherical coordinates. This
entire procedure is well established for scattered fields
at real frequencies [22]. However, it is crucial to note
that, to reach a mathematically-sound expansion, the
multipolar decomposition is performed at the QNM com-
plex frequency. This aspect has been overlooked previ-
ously [16]. QNM fields diverge outside the resonator due
to the outgoing wave condition exp[ik˜jr]/r with complex
k˜j . As verified numerically in the Supplemental Material
(SM) [32], the definition of VSHs at complex frequen-
cies is necessary to provide unique and stable scattering
coefficients as the circumscribing sphere radius increases.
Equation (1) provides a rigorous description of the
multipolar content of a resonance along with a simple
way to compute it. However, it relies on a cross-product
in the near-field of the resonator that is difficult to com-
prehend and does not indicate what remains of the multi-
polar content at complex frequencies when the resonator
is excited by a driving field at real frequencies. To miti-
gate this lack of physical intuition, we develop an analyt-
ical model, valid in the long-wavelength limit, to obtain
a decomposition of the induced multipole moments at
real frequencies from the intrinsic multipole moments es-
timated from the QNM fields inside the resonator. The
derivation, described in detail in SM [32], leads to new ex-
citation coefficients that result in enhanced convergence
performance on this specific problem compared to alter-
nate truncated QNM expansions. Complete convergence
tests and comparisons will be provided in a future work.
Essentially, we rely on a rigorous modal formalism for
resonators described by a N -pole Drude-Lorentz permit-
tivity as ǫ(ω) = ǫ∞ − ǫ∞
∑N
i=1 fi(ω), where ǫ∞ is the
high-frequency permittivity and fi(ω) is the contribution
of the i-th pole [28], to derive a QNM expansion of the in-
duced polarization density. In the long-wavelength limit,
this leads to QNM expansions for the induced Cartesian
multipole moments (here shown only up to the dipole
order with p andm the electric and magnetic dipole mo-
ments, respectively, and for a single pole i) as
p(ω) =
∑
j
αj(ω)ν(ω, ω˜j)p˜j , (2)
m(ω) =
∑
j
αj(ω)ν(ω, ω˜j)
ω
ω˜j
m˜j , (3)
with ν(ω, ω˜j) =
ǫ(ω)−ǫb
ǫ(ω˜j)−ǫb
ǫ(ω˜j)−ǫ∞
ǫ(ω)−ǫ∞
, and where the intrinsic
multipole moments are given by
p˜j =
∫
V
ǫ0 [ǫ(ω˜j)− ǫb] E˜j(r)dr, (4)
m˜j = − iω˜j
2
∫
V
ǫ0 [ǫ(ω˜j)− ǫb] r× E˜j(r)dr. (5)
Equations (4) and (5) are analogous to those known at
iii
real frequencies in the long-wavelength limit [33–35], indi-
cating indeed that a classical inspection of the QNM field
distribution provides a direct visual interpretation of the
multipole content. As shown in the SM [32], the moments
predicted from Eqs.(2)-(3) for the plasmonic dolmen dif-
fer by less than 5% compared to those obtained from the
VSH decomposition of Eq. (1), letting us expect that the
quasi-static model can be used with confidence for typ-
ical plasmonic resonators. Equations (2) and (3) show
that the induced multipole moments can be expressed
as a linear combination of the intrinsic multipole mo-
ments. The accuracy of the model is tested in Fig. 1(c),
where we find that the dipole moments induced in the
plasmonic dolmen upon planewave excitation are very
well explained with only 2 dominant QNMs and quanti-
tatively reproduced with 8 QNMs (out of which 2 are not
excited). The possibility to reconstruct the induced mo-
ments from only few resonances suggests that the design
of nanoresonators with targeted multipolar response may
be performed with a few simulations at complex frequen-
cies without resorting to series of real-frequency simula-
tions. This will be demonstrated below. One should fi-
nally note that electric and magnetic moments differ by a
frequency-dependent prefactor ω/ω˜j, implying that elec-
tric and magnetic multipole moments, even designed to
be perfectly identical at the resonance frequency, cannot
be perfectly equal at real frequencies on the resonance
linewidth. Nevertheless, since Im[ω˜j] < Re[ω˜j ] in general
(Q ≈ 10 for most optical resonators), one has ω/ω˜j ≈ 1
such that the multipole condition is faithfully reproduced
at real frequencies, as will be shown.
Design – Let us now illustrate how the present formal-
ism may be used to design resonators with targeted mul-
tipolar responses. Here, we propose to design a resonator
that scatters incoming light as a Janus source. Compared
to a recent experimental study [19], we aim at a design
that is effective on the full linewidth of a resonance for a
linearly-polarized incident planewave. The Janus source
is composed of electric and magnetic dipoles that have
equal amplitudes and are 90◦ out-of-phase [9]. As shown
above, Mode I of the plasmonic dolmen mixes electric
and magnetic dipoles that are dephased by about −π/2.
The ratio between the moments is however not equal to 1
and Mode I is strongly perturbed by neighboring modes,
in particular Mode II, leading to a complex lineshape in
the induced moments at real frequencies [Fig. 1(c)].
To achieve a monomode Janus behavior, we tune the
dolmen parameters to concurrently reach the interference
condition p˜x,1 = −im˜z,1nb/c for Mode I and reduce its
spectral overlap with Mode II. Note that Mode III ex-
hibits a different symmetry compared to Modes I and II,
and thus can be ignored it by restricting our excitation
to x-polarized incident planewaves. To spectrally sepa-
rate Modes I and II, we perform an analysis of the mode
trajectories in the complex-frequency plane with varying
structural parameters, an approach that is well known in
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FIG. 2. Engineering the spectrum and the multipolar content
of the plasmonic dolmen resonances. (a) Trajectories of the
two dominant QNMs in the complex frequency plane through-
out the design, upon tuning the gap width g from 45 to 10 nm
(blue arrows) and the size factor s from 1 to 0.4 (red arrows).
(b) Mode I is mostly composed of an electric dipole and a
magnetic dipole. For g = 10 nm and s = 0.5125, one obtains
|p˜x,1| = |m˜z,1|nb/c and a phase difference ∆ϕ ≈ −π/2 (not
shown). (c) Induced dipole moments at real frequencies for
an x-polarized planewave excitation, retrieved from VSH de-
composition at real frequencies. One finds px ≈ −imznb/c.
The offset (gray shaded area) in Re[px] is due to the remnants
of Mode II and other modes outside the visible range, see the
SM [32].
digital filter design [36] and grating theory [37]. Com-
pared to more recent works on the analysis and design
of resonators [38, 39], we additionally monitor the mul-
tipolar content of each resonance. A full parameter scan
in the case of the dolmen would be quite tedious, yet
it can be simplified by choosing fewer key parameters.
Modes I and II have the same physical origin, that is the
coupling between an ED mode in the upper rod and the
anti-bonding mode of the bottom dimer. By reducing the
distance g between the upper rod and the bottom dimer,
and by decreasing the size of the upper rod by a factor s,
one expects to increase both the level repulsion between
the two modes and their quality factor. A decrease of
the upper rod size is also expected to decrease the am-
plitude of the electric dipole moment, which can thus be
used to reach the interference condition between intrin-
sic dipole moments. The impact of these two parameters
on the spectral distribution of Modes I and II and the
multipolar content of Mode I is shown in Fig. 2(a)-(b)
along two specific parameter trajectories. At g = 10 nm
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and s = 0.5125, a condition is reached where the spec-
tral separation between the two modes is much larger
than the sum of their linewidths and |p˜x,1| = |m˜z,1|nb/c,
while keeping the dephasing very close to −π/2). As a
side effect, the EQ of Mode I slightly increases, to reach
a value that is about 4 times smaller than the ED and
MD. However, because the scattering cross-section goes
with the absolute square of the moments, the EQ is small
enough to be neglected.
To evidence the Janus-like properties of the plasmonic
dolmen engineered completely at complex frequencies,
we compute the electric and magnetic dipole moments,
px and mz, induced by illuminating the resonator with
an incident x-polarized planewave propagating along the
z-direction. The moments were computed with finite-
elements calculations and multipolar decomposition with
VSHs at real frequencies. Results shown in Fig. 2(c)
confirm that px ≈ −imznb/c at real frequencies for
ω ≈ Re[ω˜1], thereby validating the design. An offset
is observed on Re(px). As shown in the SM [32], this
is partly due to Mode II which, albeit being spectrally
far from Mode I, is efficiently excited, but also to other
resonances that are farther apart in the spectrum and
still contribute weakly with their long Lorentzian tail.
As we shall now see, this offset has a weak impact on the
performance of the resonator.
To demonstrate the effectiveness of the present de-
sign, we study the side-dependent coupling of the dolmen
to the fundamental guided mode of a Si3N4 nanowire
(translationally-invariant along x) [Fig. 3(a)]. As docu-
mented in Ref. [9], Janus dipoles offer a unique coupling
property that selectively depends on the dipole orienta-
tion. Figure 3(b) shows two maps of the scattered field
Hsy = Hy − Hby computed for two π-rotated dolmens
at the resonance wavelength λ = 0.713 µm for an x-
polarized planewave at normal incidence in the xz-plane
(θi = 0
◦). The maps evidence the contrasted coupling be-
haviors, originally predicted for current sources in Ref. [9]
and demonstrated here in a scattering configuration. For
a more quantitative assessment, we define the coupling
efficiency as C = P s/(I0σg) where P
s is the power cou-
pled to the waveguide mode, I0 is the planewave intensity
and σg is the geometrical cross-section of the smallest cir-
cumscribing sphere of the dolmen. P s is computed via
an overlap integral between the field scattered and the
fundamental nanowire mode, see the SM [32]. As shown
in Figs. 3(c)-(d), the coupling efficiencies strongly dif-
fer, leading to a contrast of about 60 on resonance at
normal incidence. Very importantly, this effect is ob-
served over the full linewidth of the resonance, as evi-
denced by a comparison with Fig 2(c), and over a wide
angular range, up to about θi ≈ 80◦. In the SM [32], we
also show that the designed resonator enables an efficient
side-dependent coupling between an x-polarized electric
dipole source and the dielectric nanowire mode.
Conclusion – By proposing a method for analyzing
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FIG. 3. Demonstration of Janus effect in scattering config-
uration. (a) Sketch of the studied configuration. The dol-
men is placed at 117 nm (border to border) above a dielec-
tric nanowire of index 2.03 with dimensions 270 × 200 nm2
along y and z and invariant along x, and is illuminated by an
x-polarized planewave for varying wavelengths and incident
angles θi. (b) Spatial maps for the scattered magnetic-field
y-component at θi = 0
◦ and λ = 0.713 µm. Depending on the
dolmen orientation, light is either efficiently coupled or un-
coupled to the fundamental nanowire mode. (b)-(c) Spectral
and angular dependence of the coupling efficiencies, evidenc-
ing that the Janus effect is effectively implemented for many
incidences and frequencies of the driving field.
the multipolar content of individual resonances through
an improved QNM formalism, we mitigate the limita-
tions encountered in usual resonator designs performed
for specific excitations at real frequencies. The proposed
method is very effective in terms of computational re-
sources for nanoresonators that are driven by a few reso-
nances only. It also provides a transparent physics, since
the multipolar content becomes independent of the driv-
ing field and is therefore intrinsically bonded to the natu-
ral resonances of the resonator. The force of the method
was successfully demonstrated on the example of a Janus
behavior in scattering configuration. The design yields
a feature that operates on the full linewidth of the reso-
nance and for a wide range of incident angles. To achieve
this property, we had to limit the excitation to a specific
incident polarization, and yet still observed a small con-
tribution from modes that are distant in the complex-
frequency plane. This raises the fundamental question of
the potential existence of resonances with a prescribed
multipole content that stand alone in the complex plane.
Coupled to advanced optimization engines, the present
method may allow novel ideas to emerge in quantum
optics, nanoscale control of pulses, optical forces and
torques, nanoparticle sorting with light, photonic circuits
and other devices.
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